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Abstract We consider two parameter deformed boson algebra and investigate the inhomo-
geneous invariance quantum group of this system. We find the R-matrix which collects all
information about the non-commuting structure of the quantum group. We extend our study
to the d-dimensional case.

Keywords Quantum groups - Two parameter deformed boson algebra

1 Introduction

Group theory which can be interpreted as the mathematical theory of symmetry has a crucial
importance in physics. Although Lie groups and Lie algebras are very helpful in order to
understand many concepts in physics, they are not sufficient to study the theory of quantum
integrable systems.

In 1980’s, it was realized that quantum inverse scattering method which is used to study
the quantum integrable systems needs a further generalization for classical Lie groups and
Lie algebras [1]. First achievement for this generalization was performed by obtaining the
g-analog of SU(2) [2, 3]. In 1990’s, Macfarlane and Biedenharn showed that one can find
SU,(2) by considering g-deformed boson algebras [4, 5]. This situation has rekindled the
interest in the deformed oscillator systems [6—12].

In this study, we consider a boson algebra including two deformation parameters. To
make calculations simple, we first investigate the inhomogeneous invariance quantum group
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for the following algebraic structure

aa* —q*a*a = H, €))
aH =r’Ha, 2)
where H is a Hermitean operator. Then we construct the R matrix for this system.

In Sect. 3, we extend our study from one dimensional case to the two dimensional case
by considering the following two parameter deformed algebra [13]

a\a} —q*ata, = H, 3)
ara; — qza;az =H, )
aH =r’Ha;, )
aH =r’Ha,, 6)
a\an = aray, @
a)a; = rzaikal. ®)

We obtain that the homogeneous part of the inhomogeneous invariance quantum group of
this system is given by the multiparameter deformed general linear group of Schirrmacher
[14] where deformation parameters take some special values. Finally, we do same calcula-
tions for the d-dimensional two parameter deformed boson algebra.

2 Quantum Invariance Group for One Dimensional Two Parameter Deformed Boson
Algebra

In order to find the inhomogeneous quantum invariance group of the (g, r)-deformed boson
algebra

aa* —q*a*a = H, )
aH =r’Ha, (10)

it is possible to consider the following 4 x 4 square quantum matrix M

a B n vy
ﬂ* a* 77* )/*

M = , 11
0 0 X xs (in
0 0 0 1

as a transformation matrix [15-21] such that it acts on 4 x 1 column vector V by matrix
co-multiplication. The elements of the column vector V are the generators of the algebra
defined by (9) and (10), namely,

a
a*

V= ol (12)
1
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Thus, the transformed generators can be written as

d=0Q®a+BQRQa"+n@H+y 1, (13)
a’'=B8"Qa+a"Qa*"+n"QH+y*®1, (14)

The invariance of the system under the above transformations requires the special commu-
tation relations among the elements of the matrix M. That is to say, the elements of matrix
M belong to an associative algebra which satisfies the following commutation relations

ap =q pa, (16)
an = rfzna, (17
ay =ya, (18)
axs = xsa, (19)
axs =r’ya, (20)
Bn = r*np. Q1)
By =vB, (22)
Bxs =r"xsB, (23)
Bxs =r’xsp, (24)
ny =yn, (25)
nxz =r’xan, (26)
nXa = r’xan, 27
Yx3 =r’xsv, (28)
Vx4 =r’xay, (29)
X3X4 = X4 X3, 30)
ap* =q’Ba, 31)
aa® = a*a, (32)
an® = z—jn*a, (33)
ay* =q’v*a, (34)
BB =q"B*B, (35)
Bt =q’r*n*B, (36)
BY* =4’v*B, 37)
m* = q’n*n, (38)
vt —q’y'n = %(m +q°B* B — aa’), (39)
vy —4'vy = xa. (40)
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These relations can be obtained not only from the invariance of (9) and (10) under the
transformations (13) to (15) but also by imposing that the algebraic structure generated by
the elements of the matrix M should be a Hopf algebra [22, 23]. To examine whether this
algebraic structure is a Hopf algebra or not, one can define the coproduct with a matrix
multiplication

AM)=MOM 41)

which makes possible to write the coproduct of «, 8, 1, ¥, x3 and x4 as

Al@)=a®@a+L® B, (42)
AB)=a®@p+B®a%, (43)
AM=a®@n+pON" +1® X3, (44)
AY)=a®y+B®y " +n®xaty®1, (45)
A(X3) = X3 ® X3» (46)
A) = 3@ xa+ x4 ® 1. 47)

The invariance of the commutation relations satisfied by the coproducts is not sufficient to
say that this algebraic structure is a Hopf algebra. To say it, one should also find the inverse
of matrix M where the counit and antipode are defined as

eM) =1, (48)
S(M)=M"". (49)

Transformation matrix M can be written in a block form

a B Y
0 0 x5 x| \o B) C0
0 0 0 1
where A is the 2 x 2 square matrix
_(« B
which forms the homogeneous part of the transformation matrix M. I and B are also the
2 x 2 square matrices, namely,
nov
= , 52
(2 7) o
_ (X3 X4
B = (0 1 ) . (53)
This makes it possible to write
A"l —A-ITB!
-1 _
M= ( o g ) : (54)
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since MM~' = M~'M =1 is satisfied. The elements of matrix B commute among them-
selves. Inverse of B is an ordinary matrix inverse. Therefore, it is appropriate to focus on the
matrix A in order to investigate the inverse of matrix M. The elements of matrix A satisfy
the following commutation relations

af =q *pa, (55)
ap* = q’f*a, (56)
an* = a*a, (57)
BB* =q"B’B, (58)

which implies that
Al = (_q"ﬁzﬁ* _f’;ﬂ> D, (59)

where

D =aa* —q 2 pp*. (60)

The commutation relations from (55) to (58) are the same with the commutation relations
written for GL,, ,(2) with p — g% and ¢ — ¢? [24]. Therefore, one can say that the homo-
geneous part of the transformation matrix M is an element of GL, ,2(2).

Since quantum groups are usually considered to be quasi-triangular Hopf Algebras, the
algebraic relations satisfied by the elements of the transformation matrix M satisfy [24, 25]

RMRDNAIM)=1M)(MRS1)R. (61)

We find that R is the 4% x 42 square matrix,

1 0 0 0000DO0OO0O OO O 00 0 0
0 g2 0 000000 0 0 -L200 —% 0
00 2000000 0O 0O 00 0 0
o0 0 1000O0OO0O OO O 00 0 0
0 0 0 0g¢g00O0OO0O OO 3 00 3 0
o0 0001000 OO O 00 0 0
o0 0 0O0O0O”00 0O 0O 00 0 0
R=[0 0 0 000010 00 0 00 0 0],
0o 0 0 0O0O0DOGO0OTM 00 0 00 0 0
00 0 0O0O0DO0OGO0OO0OTF>0 0 00 0 0
o0 0 0O0O0DOOO O 1 0 00 0 0
00 0 0O0O0O0O0OO0O OO I 00 0 0
00 0 0O0O0ODOOO OO0 0 10 0 0
0o 0 0 0O0O0ODOOO OO O 01 0 0
o0 0 0O0O0DOOO OO O 00 1 0
00 0 0O0O0O0ODO0OO OO0 0O 00 0 1

and stores up all information about the algebraic structure of the invariance group of the
(g, r)-deformed boson algebra.
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3 Quantum Invariance Group for Multi-dimensional Two Parameter Deformed
Boson Algebra

For two bosons, (g, r)-deformed boson algebra .4, can be written as

aaj — qzafal =H, (63)
aa; — qza;az = H, (64)
aH =r*Hay, (65)
aH =r’Ha,, (66)
apa; = axay, (67)
a\a; = raia,. (68)

The symmetry property of this system can be studied by considering following transforma-
tions

a=apQa+ P ®a; +n, QH+y, ®1, (69)
a’ =B @artaj ®@ai +n] @ H+y ®1, (70)
H=xQH+xu®l. 71)

Here, i takes the values 1 and 2 whereas the summation index k runs from 1 to 2. The
invariance of (63) to (68) under the above transformations requires that o;;, B;;, 1i, Vi, Oé,-*j,
,3;}, n?, v, x3 and x4 satisfy the following algebraic relations

Uik jm = A jm ik, (72)
ik Bim = f1(q, ) Bjmik, (73)
aikn; =N, (74)
QirYj = Vjik, (75)
Qik X3 = X3k, (76)
Hik X4 = "2X4Olik, amn
BixBjm = BjmBix (78)
Bikn; = r°n; Bix, (79)
Bixvi = v;iBik (80)
Bixxs = r* x3Bix: (81)
Bixxs =1’ XaBik: (82)
ninj = n;ni, (83)
12
iy = Vil =3 > @Bk — @iBi)» (84)
k=1
niXs =r’xsm. (85)
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MiXa =1 Xami, (86)

YiVi =ViVis (87)

ViXs =1’ x3vi, (88)

YiXe =1 xa¥i, (89)

O(ikﬂ;m = fa(q, r)ﬂ;maik, (90)

aid, = f3(q, r)ej, o, on

s =172 falg, r)mjer, (92)

aiy; = folq, Py} ik, (93)

BB, = f1(q.7)B;, Bixs 94)

Bun's =’ fa(q, r)nBic, (95)

Bixy; = f2(q. 1)y} Bix, (96)

min; = faq, rmini, 97)
2

nv] = f2q. 1y = 168 + £q.1) Y Bibix — e 98)
k=1

viv; — [20q. 1)V vi = Xadij. 99)

where
-2
_Ja k=m
fl(qu)_{rz k#m,
2 . .
et i=
fZ(qu)_{rz l;é_],
1 i=jandk=m

2.-2 i _
_ _)ar i=jandk#m
f3(g.r) = fi(q.r) falg.r) = g it jandk=m

1 i#jandk #m,
gt i=jandk=m
_ flg.r)  |g*r* i=jandk#m
T filqr) |g*? i#jandk=m
r*  i#jandk#m.

f4(q7 r)

In order to study the Hopf algebra structure of the above algebraic system, one can define

coproduct, counit and antipode as

A(T) = T®T,
e(T) =1,

(100)
(101)
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S(ry=T"". (102)
Here T is the transformation matrix which can be written

apr o B B mon
ay an Pu B Mm
Bl B o o nyoy

T = 103
By Bn oo on omow (10
0 0 0 0 x3 xa
0 0 0 0 0 1

in the light of (69) to (71). From algebra homomorphism, the coproducts

2 2
Alij) =Y an®@aiy + Y B ® B (104)
k=1 k=1
2 2
AB) =Y au®By+ Y Bu®aj;, (105)
k=1 k=1
2 2
A =) ax®m+ Y B @0 + 1 ® x3, (106)
k=1 k=1
2 2
A=) au®n+) Bu®W +m®xa+v®1, (107)
k=1 k=1
A(x3) = X3 ® X3» (108)
AX) = 3@ xat+ x4 ®1, (109)

should satisfy the commutation relations (72) to (99). This implies the following additional
commutation relation

X3X4 = X4X3 (110)

which is necessary to complete the algebraic structure of the transformation matrix 7.
As in Sect. 2, one can write the transformation matrix 7" in a block form

ajip o B B om on

ay an Pa B m ¥

B noay oonp o nn v _ (AT

* * * * * x| = s (111)
B3 n % Qpn T Y 0 B

0 0 0 0 x3 xa

0 0 0 0 0 1

where

an o Bu P
ay axn P Bn
*

11 2 % 9p
*
5 By oy a5,

) (112)
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m "
n "

T= , 113
nT yl* ( )
noYs

_ (X3 X4
B = (O 1 ) . (114)
Thus, one can write the inverse of the matrix T as
-1 -1 -1
(A" —a'TB
T-' = < 0 5 . (115)

Since the elements of matrix B commute among themselves, it is easy to write its inverse.
But what about the inverse of matrix A which is the homogeneous part of the transformation
matrix T. Since o;;, Bij, oz;*j and ﬂi*j satisfy the commutation relations written in (72), (73),
(78), (90), (91) and (94), one can use Schirrmacher’s result [14] related with the multipara-
metric deformation of GL(n) in order to verify the existence of the inverse of the matrix A.
To see the relation between matrix A and the multiparameter deformed GL(n), let us rewrite
the equations written in Schirrmacher’s study [14]

AL AL = pap AL AL, (116)
Al Al =g AT AL, (117)
Alal = L0 gipl (118)
Pab
i j Pab ,j (i 1
Al A} = =2 A AL+ <pa,, - —)A?Aj, (119)
Pij qab

for i < j and a < b. Here the upper indices i and j stand for the row number whereas the
lower indices a and b stand for the column number of matrix A. These equations coincide

with (72), (73), (78), (90), (91) and (94) for

qn=pp =1, (120)
a3=ry5 =4, (121)
qu=py =1, (122)
g3 =py =1, (123)
4 =pyn =4, (124)
g3 = P@l =1 (125)

Thus, we obtain that the homogeneous part of the transformation matrix T is the two para-

meter deformed general linear group.

If one extends this study from the two boson case to the d boson case, the algebra A,

can be written as

* 2 %
a;a; —q-a;a; = H,

a;H = r*Ha;,

(126)
(127)
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a,-aj = llja,‘, (128)
aiaj = rzaja,-, i+#J, (129)
where i, j = 1,2,...,d. Similar to the two boson case, the symmetry quantum group of

this system satisfies (72) to (99) and (110). But in that case all indices can take the values
1 to d, instead of 1 to 2. The homogeneous part of this symmetry group also shows some
resemblance to the two boson case such that it becomes a two parameter deformed general

linear group obtained from GL,,; ,,; (2d) where

1 i<j<dord<i<j<2d

q*> i<dand j=i+d

q,-j:p,-;': q° i=dand j=2d

r> i<dandd<j<2dand j#i+d.
r?> i=dandd < j <2d.

4 Conclusion

In this work, we obtained the inhomogeneous quantum symmetry group of the two pa-
rameter deformed boson algebra defined by (126) to (129). Since the homogeneous part
of this group is GL,,; p,;(2d) with special p;; and g;; values, it is possible to call the
symmetry group of this system as the Bosonic Inhomogeneous multiparameter deformed
General Linear Quantum Group, BIGL, . (2d). It is obvious that this quantum group in-
cludes only two independent deformation parameters which are g> and r2. If one consid-
ers the case where ¢ is equal to r, the quantum group reduces the inhomogeneous quan-
tum invariance group of the multi-dimensional ¢g-deformed Bosonic Newton oscillator alge-
bra [26].
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